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Abstract
Let D be a bounded symmetric domain and  be the Shilov boundary of D. For ∈W , the Wallach set,
and a nonnegative integer l, we study the weighted Bergman space A2(D) and the weighted Bergman–Sobolev
space A2; ; l(D). For 0¡	¡ 1 we obtain exact values of the Gel’fand and linear N-widths of A2; ; l(D) in
C(	). We also obtain the Bernstein N-widths of the Hardy–Sobolev space H∞; l(D) in A2(	D). c© 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction
In [1] we initiate the study of N-widths for some spaces of holomorphic functions de?ned on
bounded symmetric domains. In particular, we extend the results of the papers [7] of Osipenko and
[3] of Farkov to the setting of bounded symmetric domains. In this paper, we continue our study
and obtain new results in this direction.
First, a bounded symmetric domain is a product of irreducible such domains, which leads one
to study the irreducible domains. These are of two types. Those irreducible domains which can be
realized, in analogy to the ordinary upper half-plane, as a tube domain over a cone, are said to be of
tube type. Otherwise, an irreducible domain is said to be not of tube type. We refer to [5, X.6.3] for
the classi?cation of bounded symmetric domains. Using the structure of Jordan algebras, we studied
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the N-widths of spaces of holomorphic functions on bounded symmetric domains of tube type in
[1]. Note that the unit ball Bn in Cn is not a tube domain when n¿ 1. Therefore, it is important to
study the N-widths of holomorphic functions on general bounded symmetric domains, of tube type
and not of tube type. Using the structure of Jordan pairs [6], we extend our results in [1] to general
bounded symmetric domains.
Secondly, we studied the Hardy–Sobolev and Bergman–Sobolev spaces in [1]. As we pointed out
in [1, Remark 7:2(2)], however, we may extend our results to more general spaces. One natural
generalization is weighted Bergman–Sobolev spaces. This generalization is motivated by [4], where
the N-widths of weighted Bergman spaces on circles were studied. Of course, we are studying
weighted Bergman spaces on bounded symmetric domains. Moreover, our spaces are more general
than the spaces de?ned by [4, (3)] or by (3.1) in our bounded symmetric domain case, because we
use analytic continuation to study reproducing kernel Hilbert spaces A2(D) for  in the Wallach set.
Such weighted Bergman spaces become the usual Bergman spaces and the Hardy spaces for special
values of .
Finally, this paper also extends [1, Remark 3:3] on the Bernstein N-widths, since the bounded
symmetric domains studied in this paper may or may not be of tube type and the weighted Bergman–
Sobolev space is studied in this paper. Moreover, we provide a complete proof for the results in
this paper.
This paper is organized as follows. In Section 2, we review bounded symmetric domains needed for
this paper. In Section 3, we study the weighted Bergman spaces A2(D) and the weighted Bergman–
Sobolev spaces A2; ; l(D) for  in the Wallach set W and a bounded symmetric domain D. In Section
4, we obtain exact values of Gel’fand and linear N-widths of A2; ; l(D) in the space C(	), where
0¡	¡ 1; 	 = 	; and  is the Shilov boundary of D. In Section 5, we compute the Bernstein
N-widths of Hardy–Sobolev space H∞; l(D) in the weighted Bergman space A2(D	), where D	=	D.
2. Preliminaries on bounded symmetric domains
In this section, we review bounded symmetric domains, which are needed for this paper. We refer
to [2,6] for details.
Let (V; V−) be a simple Jordan pair with a positive involution ; x = Ix [6]. Then every v∈V
can be written uniquely as a linear combination of a Jordan frame {e1; e2; : : : ; er}:
v= 1e1 + 2e2 + · · ·+ rer: (2.1)
Here, the ei are pairwise orthogonal non-zero tripotents which are real combinations of powers of
v, and the i satisfy 06 16 26 · · ·6 r . We call (2.1) the spectral decomposition of v, the i
the eigenvalues of v, and the largest eigenvalue r of v the spectral norm |v| of v∈V . Then the set
D = {w∈V : |w|¡ 1} (2.2)
is an irreducible bounded symmetric domain. Conversely, for any irreducible bounded symmetric
domain D there exists a simple Jordan pair (V; V−) with a positive Hermitian involution  such that
D is biholomorphically equivalent to (2.2).
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Since every bounded symmetric domain is a product of such domains, we study only the irreducible
bounded symmetric domain D of the form (2.2) in a simple Jordan pair (V; V−) with a positive
Hermitian involution  in this paper.
Since e = e1 + e2 + · · ·+ er is a maximal tripotent, V decomposes as
V =
∑
06j6k6r
⊕
Vjk ; (2.3)
where
Vjk = {v∈V :D(el; Iel)v= (l; j + l;k)v; 16 l6 r} (2.4)
for (j; k) =(0; 0); 06 j6 k6 r and V00={0}. Here, D(el; Iel) is an operator on V for 16 l6 r. It
is known that Vjj=Cej; 16 j6 r. The integers a=dim Vjk (16 j¡k6 r); b=dim V0j (16 j6 r)
are independent of the choices of the Jordan frame {e1; e2; : : : ; er} and of 16 j¡k6 r. Let us de?ne
V1 =
∑
16j6k6r
Vjk and V1=2 =
r∑
j=1
V0j;
and let n= dim (V ); n1 = dim (V1) and n2 = dim (V1=2). We have
n1 =
r(r − 1)
2
a+ r; n2 = rb; and n= n1 + n2: (2.5)
As in [2], de?ne the genus p= p(D) of D by
p=
n+ n1
r
= a(r − 1) + b+ 2: (2.6)
Note that V1 is a complex Jordan algebra. When b = 0, V1=2 = {0}, V = V1, and D is a bounded
symmetric domain of tube type.
Let G be the automorphism group of D, K be its stability subgroup of 0, and KC be the com-
plexi?cation of K . Then D is the orbit of 0 under the group G and D ∼= G=K . Throughout, we use
the symbol Z for the set of all integers, and N for the set of all natural numbers 1; 2; : : : .
Let P(V ) denote the space of all polynomials on V , and Pk(V ) denote the subspace of polyno-
mials homogeneous of degree k. For m = (m1; : : : ; mr)∈Zr , we write m¿ 0 if m1¿ · · ·¿mr¿ 0.
We also write |m|= m1 + · · ·+ mr . By [2], P(V ) decomposes into irreducible subspaces
P(V ) ∼=
⊕
m¿0
Pm(V ) (2.7)
under Ad(KC). Let "1; : : : ; "r be the strongly orthogonal roots of Harish–Chandra with the ordering
"1 ¿ · · ·¿"r . Then, Pm(V ) is a representation space of KC with the highest weight −(m1"1 +
· · ·+mr"r) for each m¿ 0. Moreover, Pm(V ) contains a unique spherical polynomial #m such that
#m(e) = 1. Since the polynomials in Pm(V ) are homogeneous of degree |m| we have
Pk(V ) ∼=
⊕
|m|=k
Pm(V ) (2.8)
and ∑
|m|=k
dm = dimPk(V ) =
(
n+ k − 1
k
)
; (2.9)
178 H. Ding / Journal of Computational and Applied Mathematics 144 (2002) 175–186
where dm is the dimension of Pm(V ). For any positive integer $ set
N$ =
$−1∑
k=0
dimPk(V ) =
$−1∑
k=0
(
n+ k − 1
k
)
: (2.10)
By a property of the binomial coeLcients, N$ =
(
n+ $ − 1
n
)
:
V1 is the complexi?cation of a formally real Jordan algebra J . Let Q be the subset of all elements
x2 with x∈ J , and ( be the interior of Q. Then, ( is an irreducible symmetric cone. Let )(x) be
the generalized power function on ( and d∗x=)(x)−n1=rdx, where )(x) is the determinant of x and
dx is the Lebesgue measure on (. Let tr x be the trace of x. The gamma function *( for the cone
( is de?ned by
*(() =
∫
(
e−tr x)(x) d∗x (2.11)
whenever the integral converges absolutely. For  = (1; 2; : : : ; r)∈Cr , the integral in (2.11) con-
verges absolutely if and only if Re j ¿ (j − 1)a=2 for j = 1; 2; : : : ; r. In this range, *(() can be
calculated by
*(() = (2+)1=2(n1−r)
r∏
j=1
*
(
j − (j − 1)a2
)
: (2.12)
For ,∈C and nonnegative integer j the classical Pochhammer symbol (,)j is de?ned by
(,)j =
*(,+ j)
*(,)
= ,(,+ 1) · · · (,+ j − 1): (2.13)
For ∈Cr and m any partition the Pochhammer symbol []m for ( is de?ned by
[]m =
*((+m)
*(()
: (2.14)
It follows from (2.12) that []m =
∏r
j=1(j − (j − 1)a=2)mj :
We now introduce the weighted Bergman spaces A2(D) for  in the Wallach set W .
3. Weighted Bergman spaces on bounded symmetric domains
Let N be the generic norm of the Jordan pair (V; V−) de?ned in [6, Section 4]. Set h(z; w) =
N (z; Iw), and h(z) = h(z; z). Then h(
∑r
j=1 tjej) =
∏r
j=1(1− t2j ) for tj ∈R. For ¿p− 1, we de?ne
A2(D) =
{
fis holomorphic in D : ‖f‖2 = c
∫
D
|f(z)|2 h(z)−p dz¡∞
}
; (3.1)
where c = (1=+n)(*(()=(*(( − n=r))). In the classical case r = 1 and b = 0, n = 1; p = 2, and
such a space is called a weighted Bergman space in [4]. A2(D) is a reproducing kernel space with
the kernel h(z; w)−. In particular, when  = p, A2(D) is the usual Bergman space A
2(D) with the
Bergman kernel h(z; w)−p. By [2, Section 5], h(z; w)− is positive de?nite on D × D if and only
if ¿ (a=2)(r − 1) or = (a=2)j with some 06 j6 r − 1. For these values of , h(z; w)− is still
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a reproducing kernel of a Hilbert space. We still denote by A2(D) this Hilbert space and by ‖ · ‖
the norm on this space for ∈W = {0; a=2; : : : ; (a=2)(r − 1)} ∪ ((a=2)(r − 1);∞), the Wallach set.
If ¿p− 1, in particular, this space A2(D) is the same space given by (3.1). In general, however,
A2(D) is not given by (3.1) since the space given by (3.1) might reduce to {0}.
Denote by 2 the normalized (unit volume) K-invariant measure on . Equip Pm(V ) with the
inner product
〈f1 |f2〉 =
∫

f1(z)f2(z) d2(z) (3.2)
for f1; f2 ∈Pm(V ). Let {3m1 ; : : : ; 3mdm} be a basis for Pm(V ), orthonormal with respect to the inner
product (3.2). By the general theory of reproducing kernel spaces,
Hm(z; w) =
dm∑
j=1
3mj (z)3
m
j (w); z; w∈V: (3.3)
gives a reproducing kernel Hm of Pm(V ), considered as a Hilbert space with respect to the inner
product (3.2). By [2], Hm(z; e) = dm#m(z) for all z ∈V , Hm(e; e) = dm#m(e) = dm, and
Hm(z; z) = dm#m(t2) (3.4)
for z = k
∑r
j=1 tjej, where k ∈K; tj¿ 0; t2 =
∑r
j=1 t
2
j ej. By [2, Theorem 3:6] and [2, (5:4)],
‖fm‖2 =
[n=r]m
[]m
‖fm‖2 (3.5)
for fm ∈Pm. If ¿ (a=2)(r − 1), then []m ¿ 0 for all partitions m, and
A2(D) =
⊕
m¿0
Pm(V ): (3.6)
Moreover,{(
[]m
[n=r]m
)1=2
3mj : j = 1; 2; : : : ; dm; m¿ 0
}
(3.7)
forms an orthonormal basis for A2(D). If =(a=2)j; 06 j6 r−1, then []m ¿ 0 for m=(m1; : : : :mj;
0; : : : ; 0), and []m = 0 for all other m. Moreover,
A2(D) =
⊕
m¿0;mj+1=···=mr=0
Pm(V ); (3.8)
and {(
[]m
[n=r]m
)1=2
3mj : j = 1; 2; : : : ; dm; m¿ 0; mj+1 = · · ·= mr = 0
}
(3.9)
forms an orthonormal basis for A2(D). If  = n=r = (a=2)(r − 1) + 1 + b, in particular, {3mj : j =
1; 2; : : : ; dm; m¿ 0} forms an orthonormal basis for the Hardy space H2(D).
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Let f be a holomorphic function on the domain D and
f(z) =
∞∑
k=0
Fk(z); z ∈D; (3.10)
the decomposition of f into its homogeneous components; i.e., Fk is a homogeneous polynomial of
degree k. Recall that the radial derivative of f of order l is de?ned by
(Rlf) (z) =
∞∑
k=l
k!
(k − l)!Fk(z): (3.11)
For a positive integer l, denote by A2; l(D) the space of holomorphic functions f :D → C that
satisfy the following two properties:
(i) In the homogeneous decomposition (3.10) of f, Fk(z) ≡ 0 for all k = 0; 1; : : : ; l− 1; and
(ii) Rlf∈A2(D).
For l = 0, we set A2; l(D) = A
2
(D). Then, the space A
2
; l(D) is a Hilbert space with the inner
product
〈f | g〉; l = 〈Rlf |Rlg〉A2(D): (3.12)
Let B0 =
⋃
|m|¿l {3m1 ; : : : ; 3mdm} denote the basis of A2; l(D) in which {3m1 ; : : : ; 3mdm} is the basis
for Pm(V ) that appeared in (2.7). Write f; g∈A2; l(D) in terms of the basis B0:
f(z) =
∑
|m|¿l
dm∑
j=1
cj;m3mj (z) (3.13)
and
g(z) =
∑
|m|¿l
dm∑
j=1
dj;m3mj (z): (3.14)
Since the basis B0 is orthonormal with respect to the inner product (3.2), by (3.11), (3.12) and
(3.5)
〈f| g〉; l =
∑
|m|¿l
( |m|!
(|m| − l)!
)2 dm∑
j=1
cj;mdj;m(3mj ; 3
m
j )A2(D)
=
∑
|m|¿l
( |m|!
(|m| − l)!
)2 dm∑
j=1
cj;mdj;m
[n=r]m
[]m
: (3.15)
Hence the set of functions{
(|m| − l)!
|m|!
(
[]m
[n=r]m
)1=2
3mj (z) : j = 1; : : : ; dm; |m|¿ l
}
(3.16)
forms a complete orthonormal basis for A2; l(D).
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For 0¡	¡ 1 we denote by 2	 normalized K-invariant measure on 	. Then, the functions (3.16)
are also orthogonal in L2(	; 2	) and
‖3mj ‖2L2(	;2	) =
∫
	
|3mj ( )|2 d2	( )
=
∫

|3mj (	z)|2 d2(z) = 	2|m|; (3.17)
where the last equality follows from the homogeneity and orthonormality of 3mj in L
2().
A holomorphic function f on D is in A2; ; l(D) if Rlf∈B(A2(D)), where B(A2(D)) is the unit
ball in the Hilbert space A2(D). Note that
A2; ; l(D) = B(A2; l(D)) +
(
l−1⊕
k=0
Pk(V )
)
(3.18)
in the Hilbert space L2(	; 2	), or in the Banach space C(	), where B(A2; l(D)) is the unit ball in
the Hilbert space A2; l(D).
4. Gel’fand and linear N-widths
In this section, we generalize Theorems 3:1 and 3:2 in [1] and compute Gel’fand and linear
N-widths of A2; ; l(D) in C(	). First, we recall a result of Osipenko, which may be described as
follows.
Lemma 4.1 (7, Theorem 2). Let H be a reproducing kernel Hilbert space of continuous func-
tions on a topological space ( with a probability measure 9 and E a compact subset of (
such that the restriction map f → f|E is a bounded linear operator from H to the Banach
space C(E). Suppose that {’1; ’2; : : :} is an orthonormal basis of H; it is also an orthogonal set
in L2(E; 9); and {‖’j‖L2(E;9)}∞j=1 is a non-increasing sequence. Let Xr be an r-dimensional sub-
space of C(E) with the property that Xr is orthogonal to H in the inner product on L2(E; 9).
Let B(H) be the unit ball in H and A = B(H) + Xr; where the addition means the transla-
tion in C(E). Then; the linear and Gel’fand (N + r)-widths of A in C(E) satisfy the following
inequality:√∑
j¿N
‖’j‖2L2(E;9)6 N+r(A; C(E)) = dN+r(A; C(E))6 sup
z∈E
√∑
j¿N
|’j(z)|2: (4.1)
By this lemma, in order to obtain the Gel’fand and linear (N + r)-widths of A in C(E), we need
to choose a sequence {’j}∞j=1 such that {‖’j‖L2(E;=)}∞j=1 is a non-increasing sequence and to show
that the left and right hand sides of (4.1) are equal. Recall that C(	) is the space of all continuous
functions on 	.
182 H. Ding / Journal of Computational and Applied Mathematics 144 (2002) 175–186
Theorem 4.2. For 9xed ∈W; 0¡	¡ 1; and a nonnegative integer l; we reenumerate all parti-
tions m satisfying |m|¿ l as {m( j) : j = 0; 1; : : :} in such a way that{(
(|m( j)| − l)!
|m( j)|!
)2 []m( j)
[n=r]m( j)
	2|m
( j)|
}∞
j=0
(4.2)
forms a nonincreasing sequence in j. For $∈N set
M$ = Nl +
$−1∑
j=0
dm( j) ; (4.3)
where Nl is given by (2:10). Also; set M0 = Nl. Then; for a nonnegative integer $; dM$(A2; ; l(D);
C(	)) and M$(A2; ; l(D); C(	)); the Gel’fand and linear M$-widths of A2; ; l(D) in C(	); both
are equal to( ∞∑
j=$
(
(|m( j)| − l)!
|m( j)|!
)2 []m( j)
[n=r]m( j)
dm( j)	
2|m( j)|
)1=2
: (4.4)
Proof. As studied in Section 3, (3.16) is an orthonormal basis for A2; l(D) and an orthogonal system
in L2(	); i.e., (3.16) may be used as the basis {’1; ’2; : : :} in Lemma 4.1. Moreover, by (3.17)∥∥∥∥∥(|m| − l)!|m|!
(
[]m
[n=r]m
)1=2
3mj
∥∥∥∥∥
2
L2(	)
=
(
(|m| − l)!
|m|!
)2 []m
[n=r]m
	2|m|: (4.5)
By the hypotheses of the theorem, the values on the right hand side of (4.5) form a non-increasing
sequence in j after we reenumerate the set of all partitions m satisfying |m|¿ l as a sequence
{m( j) : j = 0; 1; : : :}. Taking H =A2; l(D), A = A2; ; l(D), and E = 	, the conditions of Lemma 4.1
are satis?ed. Since z ∈	 can be written as z = k · 	e for some k ∈K , it follows from (3.3) and
(3.4) that
dm∑
j=1
|3mj (z)|2 = Hm(z; z) = dm#m(	2e) = dm	2|m|; (4.6)
for z ∈	. By (4.5) and (4.6), the left and right hand sides of (4.1) are equal, and they are equal
to (4.4). The proof of the theorem is now complete.
If  = (a=2)j; 06 j6 r − 1, then only terms corresponding to m = (m1; : : : ; mj; 0; : : : ; 0) are in
(4.4) because []m = 0 for all other m.
When =n=r, A2; ; l(D)=H2; l(D), the Hardy–Sobolev space studied in [1]. In this case, the values{
(|m| − l)!
|m|! 	
|m|
}
|m|¿l
are nonincreasing in |m| so that we do not have to reenumerate partitions m. Thus, we have
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Corollary 4.3. Let 0¡	¡ 1 and $¿ l¿ 0. Then the Gel’fand and linear N$-widths; dN$(H2; l(D);
C(	)) and N$(H2; l(D); C(	)); both are equal to
	$
(
1
(n− 1)!
∞∑
k=0
(($ + k − l)!)2(n+ $ − 1 + k)!
(($ + k)!)3
	2k
)1=2
: (4.7)
When D is a bounded symmetric domain of tube type, Corollary 4:3 recovers [1, Theorem 3:1].
When  = p; A2; ; l(D) = A2; l(D), the Bergman–Sobolev space studied in [1], and Theorem 4.2
becomes
Corollary 4.4. For 9xed 0¡	¡ 1; and a nonnegative integer l; we reenumerate all partitions m
satisfying |m|¿ l as {m( j) : j = 0; 1; : : :} in such a way that{(
(|m( j)| − l)!
|m( j)|!
)2 [p]m( j)
[n=r]m( j)
	2|m
( j)|
}∞
j=0
(4.8)
forms a nonincreasing sequence in j. For $∈N set
M$ = Nl +
$−1∑
j=0
dm( j) ; (4.9)
where Nl is given by (2.10). Also; set M0=Nl. Then; for a nonnegative integer $; dM$(A2; l(D); C(	))
and M$(A2; l(D); C(	)); the Gel’fand and linear M$-widths of A2; l(D) in C(	); both are equal to( ∞∑
j=$
(
(|m( j)| − l)!
|m( j)|!
)2 [p]m( j)
[n=r]m( j)
dm( j)	
2|m( j)|
)1=2
: (4.10)
When D is a bounded symmetric domain of tube type, Corollary 4:4 recovers [1, Theorem 3:2].
5. Bernstein N-widths
We study the Bernstein N-widths now. We ?rst formulate a lemma, which is the combination of
[8, Theorem 4, Lemma 3, and Theorem 5].
Lemma 5.1. Let H be a Hilbert space; E be a topological space with probability measure 9; H1
be a subspace of L2(E; 9); and XE ⊂ H1 be a subspace of C(E). Let {’k} be an orthonormal
basis of H1; ’k ∈XE; k = 1; 2; : : : ; and T0 :H1 → H a bounded linear operator. De9ne T :XE → H
by Tf = T0f. Let Xr be an r-dimensional subspace of H with the property that Xr is orthogonal
to T (XE). Let B(XE) be the unit ball in XE and A = TB(XE) + Xr; where the addition means the
translation in H . Suppose that {T0’k} is also an orthogonal system in H and that {‖T0’k‖H}∞k=1
form a non-increasing sequence in k. Then the Bernstein (N + r)-widths of A in H satisfy the
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following inequality(
sup
z∈E
N+1∑
k=1
‖T0’k‖−2H |’k(z)|2
)−1=2
6 bN+r(A;H)6
(
N+1∑
k=1
‖T0’k‖−2H
)−1=2
: (5.1)
Theorem 5.2. For 9xed ∈W; 0¡	¡ 1; and a nonnegative integer l; we reenumerate all parti-
tions m satisfying |m|¿ l as {m( j) : j = 0; 1; 2; : : :} in such a way that{(
(|m( j)| − l)!
|m( j)|!
)2 [n=r]m( j)
[]m( j)
	2|m
( j)|
}∞
j=0
(5.2)
forms a nonincreasing sequence in j. For $∈N set
M$ = Nl +
$−1∑
j=0
dm( j) ; (5.3)
and M0 = Nl. For 0¡	¡ 1; we set D	 = 	D. Then; for a nonnegative integer $;
bM$−1(H∞; l(D); A
2
(D	)) =

$−1∑
j=0
( |m( j)|!
(|m( j)| − l)!
)2
dm( j)
[]m( j)
[n=r]m( j)
	−2|m
( j)|


−1=2
: (5.4)
(Note: The reenumeration in Theorem 5.2 is diNerent from one in Theorem 4.2, since (5.2) is
diNerent from (4.2))
Proof. Denote by H 02 (D) the space of all functions f∈H2(D) such that Fk(z) ≡ 0 for k=0; 1; : : : ; l−
1, where Fk are in the decomposition (3.10) of f, and the Hardy space H2(D) is the set of all
holomorphic functions f on D such that
‖f‖2H2(D) = sup
0¡	¡1
∫
	
|f(z)|2 d2	(z)¡∞:
Since H2(D) may be identi?ed with a subspace of L2(), a Hilbert space with the inner product
(3.2), H 02 (D) is a Hilbert space, and {3mj : j=1; : : : ; dm; |m|¿ l} forms a complete orthonormal basis.
De?ne T0 :H 02 (D)→ A2(D	) by
(T0f)(z) =
∞∑
k=l
(k − l)!
k!
Fk(z);
where f(z)=
∑∞
k=l Fk(z): Recall that the Hardy space H∞(D) is the set of all holomorphic functions
f on D such that
‖f‖H∞(D) = sup
z∈D
|f(z)|;
and that H 0∞(D) is the set of all functions f∈H∞(D) such that Fk(z) ≡ 0 for k=0; 1; : : : ; l−1, where
Fk are in the decomposition (3.10) of f. De?ne also T :H 0∞(D)→ A2(D	) by Tf=T0f. Let H∞; l(D)
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denote the Bergman–Sobolev space of holomorphic functions f on D for which Rlf∈B(H∞(D)).
It follows that
H∞; l(D) = T (BH 0∞(D)) +
(
l−1⊕
k=0
Pk(V )
)
:
Moreover, {T0’mj : j = 1; : : : ; dm; |m|¿ l} is an orthogonal set in A2(D	), and
‖T03mj ‖A2(D	) =
(|m| − l)!
|m|!
(
[n=r]m
[]m
)1=2
	|m|: (5.5)
By (4.6)
sup
z∈D
dm∑
j=1
|3mj (z)|2 = dm: (5.6)
After we reenumerate the set of all partitions m satisfying |m|¿ l as a sequence {m( j) : j=0; 1; : : :},
the values of (5.5) form a non-increasing sequence in j. Taking H1 = H 02 (D); XE = H
0∞(D); Xr =⊕l−1
k=0P
k(V ); A = H∞; l(D) and H = A2(D	), the conditions of Lemma 5.1 are satis?ed. By (5.5)
and (5.6), the left and right hand sides of (5.1) are equal and they are equal to (5.4), and the proof
of the theorem is complete.
If  = n=r, then A2(D	) = H2(D	), the Hardy space which can be identi?ed with a subspace of
L2(	). In this case, the sequence{(
(|m| − l)!
|m|!
)2
	2|m|
}
|m|¿l
is nonincreasing in |m| so that we do not have to reenumerate partitions m. Thus, we have
Corollary 5.3. For $¿ l+ 1
bN$−1(H∞; l(D); L
2(	)) =
(
1
(n− 1)!
$−1∑
k=l
k!(n+ k − 1)!
((k − l)!)2 	
−2k
)−1=2
: (5.7)
Remark. We stated (5.7) without proof in [1, Remark 3:3(1)] for the case of a bounded symmetric
domain D of tube type.
When = p, then A2(D	) = A2(D	), the usual Bergman space, and Theorem 5.2 becomes
Corollary 5.4. For 9xed 0¡	¡ 1; and a nonnegative integer l; we reenumerate all partitions m
satisfying |m|¿ l as {m( j) : j = 0; 1; : : :} in such a way that{(
(|m( j)| − l)!
|m( j)|!
)2 [n=r]m( j)
[p]m( j)
	2|m
( j)|
}∞
j=0
(5.8)
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forms a nonincreasing sequence in j. For $∈N; set
M$ = Nl +
$−1∑
j=0
dm( j) ; (5.9)
and set M0 = Nl. Then; for a nonnegative integer $;
bM$−1(H∞; l(D); A2(D	)) =

$−1∑
j=0
( |m( j)|!
(|m( j)| − l)!
)2
dm( j)
[p]m( j)
[n=r]m( j)
	−2|m
( j)|


−1=2
: (5.10)
When D is a bounded symmetric domain of tube type, Corollary 5:4 recovers [1, Remark 3:3(2)].
Acknowledgements
I would like to thank K. Gross and D. Richards for their help and encouragement.
References
[1] H. Ding, K. Gross, D. Richards, The N-widths of spaces of holomorphic functions on bounded symmetric domains
of tube type, I, J. Approx. Theory 104 (2000) 121–141.
[2] J. Faraut, A. Koranyi, Function spaces and reproducing kernels on bounded symmetric domains, J. Funct. Anal. 88
(1990) 64–89.
[3] Yu.A. Farkov, The N-widths of Hardy–Sobolev spaces of several complex variables, J. Approx. Theory 75 (1993)
183–197.
[4] S.D. Fisher, M.I. Stessin, On n-widths of classes of holomorphic functions with reproducing kernels, Illinois J. Math.
38 (1994) 589–615.
[5] S. Helgason, DiNerential Geometry, Lie Groups, and Symmetric Spaces, Academic Press, New York, 1978.
[6] O. Loos, Bounded Symmetric Domains and Jordan Pairs, Lecture Notes, Univ. Of Cali. Irvine , 1977.
[7] K.Yu. Osipenko, On N -widths of holomorphic functions of several complex variables, J. Approx. Theory 82 (1995)
135–155.
[8] K.Yu. Osipenko, O.G. Parfenov, Ismagnov type theorem for linear, Gelfand and Bernstein n-widths, J. Complexity
11 (1995) 474–492.
Further reading
A. Pinkus, n-Widths in Approximation Theory, Springer, New York, 1985.
